Based on the Debye-Hückel equation, a semi-empirical equation for activity coefficients was derived through empirical and theoretical trial and error efforts. The obtained equation included two parameters: the proportional factor and the effective radius of an ionic sphere. These parameters were used in the empirical and regression parameter fitting of the calculated values to the experimental results. The activity coefficients calculated from the equation agreed with the data. Transforming to a semi-empirical form, the equation was expressed with one parameter, the ion radius. The ion radius, α, was divided into three parameters, αcation, αanion and δcation, representing parameters for the cation, anion and combination, respectively. The advantage of this equation is the ability to propose a semi-empirical equation that can easily determine the activity coefficient with just one parameter, so the equation is expected to be used more widely in actual industry applications.
Introduction
The Debye-Hückel equation 1 is widely used to estimate the activity coefficient in a dilute ion solution. In the equation, the activity coefficient decreases when the molality increases. However, in practice, the activity coefficient increases in concentrations with a molality greater than 1. This is caused by the presence of the short-range interaction, or the ion-molecule interaction, which was not considered in the original Debye-Hückel equation. 2 To correct for this increase, several empirical parameters have been proposed and implemented: the Guggenheim equation, 3 specific interaction theory (SIT), 4 modified SIT, 5 Bromley equation 6 and modified Bromley's methodology. 7 Hydration corrections have also been adapted to improve the prediction of the original equation: Stokes and Robinson's first 8 and second models, 9 Glueckauf's model, 10 Nesbitt's model 11 and Schönert's model. 12 Lin et al. 13 and Pitzer et al. 14, 15 made attempts to theoretically improve the Debye-Hückel equation. Lin Local composition theory gives more detailed information about the electrolyte system as it considers the relationship between the macroscopic composition of a bulk liquid and the composition of lattices using interaction parameters. Based on this model, various other models were developed: Wilson's model, 16 non-random two liquid (NRTL) 17,18 theory, the universal quasi-chemical (UNIQUAC) 19 theory model and the self-consistent local composition (SCLC) 20, 21 model.
Recently, using computational simulation, there have been many attempts to precisely calculate thermodynamic factors, such as the activity coefficient. 22, 23 A Semi-empirical Equation.
Through trial and error, we extended the original equation and found that the following equation was in good agreement with the observed data for calculating activity coefficients. The equation can be applied over a broad concentration range and is especially useful at higher concentrations.
(1)
The parameters α and β are, respectively, the proportional factor and the effective radius of an ionic sphere. These parameters are used in the empirical and regression parameter fitting of the calculated values with the experimental results. Table 1 lists the constants for the two parameters using the best fit values for each ion in Eq. (1) . The values calculated from the equation agree with the experimental results from Stokes and Robinson. 8 The average values are 1.375 × 10 −10 and 1.884 × 10 −10 for α and β, respectively. A
Notations α = radius of the ionic sphere, m h = the proportionality factor r = radial distance from the center of the spherical unit, m e = elementary charge, 1.602 × 10 −19 F·V I 1/2 = ionic strength, molality k = Boltzmann's constant, 1.381 × 10 −23 C·V/K T = temperature of the solution, 298.15 K zi,j = charge number of ion species i, j ε = the permittivity of water at 25 o C, 6.957 × 10 −10 F/m κ −1 = the Debye screening length, (3.0434 Å)·I −1/2 m λ = coupling parameter μ = electric dipole moment ν = stoichiometric coefficient ρi = the number density of charges of species i ϕj = the potential on the inside of the sphere ψj = the potential on the outside of the sphere comparison of the experimental and calculated activity coefficients is shown in Tables 2 and 3 .
The parameter β can be expressed as a power function of α as follows (RSQ = 0.9928, 0.9905). (RSQ = 0.9813). The parameter α can also be divided into three parameters, α cation , α anion and δ cation , representing parameters for the cation, the anion and the combination, respectively. The combination parameter δ cation is believed to represent the dipole angular relation because its value is 1 for a 1:1 electrolyte. Table 4 lists the values for α cation , α anion and δ cation . The equation is expressed as follows.
Eq. (1) could be expressed with only one parameter, α, which combines the cation and anion parameters as a semiempirical form. Using Eqs. (1), (2), (3) and (4), the accuracy of the recalculated activity coefficients are shown in Table 1 . In Figure 1 , the calculated results using one and two parameters are shown for several ions by comparing the experimental results with the hydration correction by the Stokes and Robinson model. 8 The combination parameter δ cation can also be expressed as a linear equation with α cation , as follows (RSQ = 0.9895). δ cation 1.1117·α cation + 0.1886
The above equation allows the activity coefficient to be calculated using only one parameter. The use of statisticalmechanics-based simulations and computational methods may be more accurate, 22, 23 but the simple proposed equation is expected to be more effective in real-world industry applications. Combining the constant terms into parameter C, Eq. (6) can be expressed as follows.
(7)
Through trial and error efforts, it was found that the (1-κα) term can produce a rebound increase of Eq. (7) . From the regression curve, the constant term C is also expected to be related with the term α. Such expectations showed good agreement with the experimental results; consequently, we modified the original equation to Eq. (1).
Assumptions and Derivations #2: Theoretical Trial and Error Approach.
Inside the Sphere: The derivation of Eq. (1) was determined through trial and error. The theoretical approach was very rough, but the main goal of this work was to find a simple and useful equation that could be obtained from just one parameter. The derivation process was based on the following two main assumptions.
First Assumption−In an electrolyte, ionic molecules form a spherical cluster, such as in the mean spherical model (MSM). 24 We assumed that the cluster produces a spherically symmetric potential surrounding the ions, and the potential behaves as a dipole moment. The moment includes the electric charge fraction as follows. The electric charge fraction is the degree of bias of shared pair electrons in molecules.
Here, we assume that the electron fraction is proportional to the intensity of the surrounding ions, or I 1/2 . The constant η is a proportional factor.
(9)
Second Assumption−The interaction is caused from the clustering of multiple molecules, and it should be numerically scaled down to a one molecule unit as in the original derivation, so the potential can be divided by a unitizing factor. Because η is treated as a regression parameter, it includes a functional term for unitization or scaling down which focuses on one dipole of the cluster. The cluster moment μ C could be changed to μ c , representing unitized cluster moment. The parameter η also serves as a propor- tional factor including the other term of the moment, μ c . In conclusion, the moment could be expressed as follows.
(10)
The electric potential of the dipole moment is expressed as follows, 25 where the parameter h is a proportional factor. (11) According to the Debye-Hückel theory, the ionic atmosphere is induced by a term that is independent of the distance, i.e., is not governed by the distance. Therefore, A 0 , a constant representing the ionic atmosphere, is added to the potential as follows. (12) Then, by taking the derivative with respect to the radius, we obtain: (13) Outside the Sphere 1 : The region outside of the sphere is governed by the Poisson-Boltzmann equation. Thus, ψ j represents the center potential outside of the sphere. (14) In the case that z i eψ j (r) << 1, the right side can be expanded using a power series, and the higher order terms can be neglected. By maintaining the isotropy, Eq. (14) is expressed as follows:
where (16) Note that the general solution can be written as: (17) However, since ψ j → 0 if r → ∞, c 2 = 0. Hence, the above equation reduces to: (18) Thus, the potential outside the sphere can be written as follows.
By differentiating, we obtain: (20) Ionic Atmosphere: The boundary conditions at radius α can be expressed as follows.
Using the first boundary condition,
The derivation can be further simplified using the second boundary condition: (25) (26) Then, by substituting for c 1 and rearranging, we obtain: Galvani Potential: With the Galvani potential, the activity coefficients can be calculated using the following equation, where the coupling parameter λ was optionally introduced for the reversible insertion, or charging process. 2
(29)
In Eq. (29), q i = z i e is the electrical charge of the surrounding ions and ionic atmosphere, and ϕ atmo is the potential of the ionic atmosphere. For conventional use, we simplified the equation considering the mean ionic activity coefficient, γ ± . Since the interaction is the potential double of the other signs, the equation was multiplied by −1.
(30) The equation could be further simplified by introducing the new parameter, β, which includes the h, η and (Σν i |z i |/ν) terms. As a result, Eq. (32) was modified to Eq. (1) for simplicity as a semi-empirical equation.
Conclusions
The most noticeable merits are the usefulness and simplicity in obtaining the activity coefficients using just one parameter. This equation could calculate results that fit experimental ones. Former empirical equations, such as the Guggenheim equation, 3 the Specific Interaction theory, 4,5 the Bromely equation 6, 7 and so on, are polynomials or need more than two parameters. 2 This equation cannot yet be applied to a two-solvent system, but it can be utilized to calculate activity coefficients with one parameter, which represents each ion in an ionic solution.
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